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Symmetry of Scalar Elements
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When computing matrix of, e.g., a(u, v) =
∫
T 2 ∇u · ∇v , can

exploit sixfold symmetry of T 2 to compute fewer entries.
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More generally,∫
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Symmetry of Vector Elements
Whitney Elements

〈
λ1 dλ2 − λ2 dλ1,

λ2 dλ0 − λ0 dλ2,

λ0 dλ1 − λ1 dλ0

〉
.

〈
λ1 dλ2 − λ2 dλ1,

λ2 dλ0 − λ0 dλ2,

λ0 dλ1 − λ1 dλ0,

λ0 dλ3 − λ3 dλ0,

λ1 dλ3 − λ3 dλ1,

λ2 dλ3 − λ3 dλ2

〉
.

〈
λ1 dλ2 ∧ dλ3

+ λ2 dλ3 ∧ dλ1

+ λ3 dλ1 ∧ dλ2,

. . .,

λ0 dλ1 ∧ dλ2

+ λ1 dλ2 ∧ dλ0

+ λ2 dλ0 ∧ dλ1

〉
Geometric symmetry ⇒ basis symmetry (up to sign).
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Symmetry of Vector Elements
Lack of Symmetric Bases
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Results

Theorem (if: Licht, 2019; only if: YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

PrΛ
1(T 2) if and only if r /∈ 3N0,

P−
r Λ1(T 2) if and only if r /∈ 3N0 + 2.

Theorem (YBK, 2021)

The following spaces have symmetry-invariant bases up to sign if
and only if the corresponding condition holds.

PrΛ
1(T 3) always,

P−
r Λ1(T 3) if and only if r /∈ 3N0 + 2,

PrΛ
2(T 3) always,

P−
r Λ2(T 3) always.

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



Methods
Recursion
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〉
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〉
⊕ ⟨λ1 ds, λ2 ds⟩ ⊕ ⟨λ0 ds, λ2 ds⟩ ⊕ ⟨λ0 ds, λ1 ds⟩ ⊕ ⟨1 dA⟩
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Methods
Tetrahedron Basis
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〉
.
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Methods
Obstructions

Representations of Z/3
The 1D representation 1 where Z/3 acts trivially.

The 2D representation 2 where Z/3 acts by 120◦ rotations.

The 3D representation 3 where Z/3 acts by permuting the
coordinates.

3 ∼= 1⊕ 2 because ⟨(1, 1, 1)⟩ is an invariant subspace.

Invariant bases

1 and 3 have symmetry-invariant bases, but 2
does not.

Proposition

A representation V ∼= m1⊕ n2 has a Z/3-invariant basis up to
sign if and only if m ≥ n.
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Duality

Previously. . .

0 1
⟨λ0 ds, λ1 ds⟩ ∼=

〈
λ2
0λ1, λ

2
1λ0

〉
P1Λ

1(T 1) ∼= P̊3Λ
0(T 1)

FEEC Duality (Arnold, Falk, and Winther, 2006)

PrΛ
k(T n) ∼= P̊−

r+k+1Λ
n−k(T n),

P−
r Λk(T n) ∼= P̊r+kΛ

n−k(T n).

An explicit map (Licht, 2018)

P1Λ
1(T 2) → P̊−

3 Λ1(T 2), P−
1 Λ1(T 2) → P̊2Λ

1(T 2),

λ1 dλ1 7→ λ0λ
2
1 dλ2 − λ2

1λ2 dλ0, λ0 dλ1 − λ1 dλ0 7→ λ0λ1 dλ2.

The Hodge star (YBK, 2019)

The two maps are the same; have formula using Hodge star on Sn.

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



The sphere

Change of coordinates λi = u2i , dλi = 2ui dui

λ0

λ1

λ2

T 2

u0

u1

u2

S2Φ

The duality map

1 Change coordinates to the sphere Φ∗ : Λk(T n) → Λk(Sn).

2 Apply the Hodge star on the sphere.

3 Multiply by the bubble function uN := u0 · · · un.
4 Change coordinates back to the simplex.

(Φ∗)−1 ◦ uN∗Sn ◦ Φ∗
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Examples

a = λ1 dλ1 ∈ P1Λ
1(T 2)

1 α = Φ∗a = 2u31 du1 ∈ P3Λ
1(S2).

2 ∗S2α = 2u0u
3
1 du2 − 2u31u2 du0 ∈ P−

4 Λ1(S2).

3 β = u0u1u2(∗Snα) = 2u20u
4
1u2 du2 − 2u0u

4
1u

2
2 du0 ∈ ˚̊P

−
7 Λ

1(S2).

4 b = (Φ∗)−1a = λ0λ
2
1 dλ2 − λ2

1λ2 dλ0 ∈ P̊−
3 Λ1(T 2).

a = λ0 dλ1 − λ1 dλ0 ∈ P−
1 Λ1(T 2)

1 α = Φ∗a = 2u20u1 du1 − 2u0u
2
1 du0 ∈ P−

3 Λ1(S2).

2 . ∗S2α = 2((u30u1 + u0u
3
1)du2 − u20u1u2 du0 − u0u

2
1u2 du1)

= 2u0u1(u
2
0 + u21 + u22) du2 − u0u1u2 d(u

2
0 + u21 + u22)

= 2u0u1 du2 ∈ P2Λ
1(S2).

3 β = u0u1u2(∗S2α) = 2u20u
2
1u2 du2 ∈ ˚̊P5Λ

1(S2).

4 b = (Φ∗)−1β = λ0λ1 dλ2 ∈ P̊2Λ
1(T 2).
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Polynomial forms on the simplex and the sphere

Change of coordinates λi = u2i , dλi = 2ui dui

λ0

λ1

λ2

T 2

u0
u1

u2

S2Φ

Theorem

The map Φ∗ : Λk(T n) → Λk(Sn) gives isomorphisms:

PrΛ
k(T n)

≃−→ P2r+kΛ
k
e (S

n),

P−
r Λk(T n)

≃−→ P−
2r+kΛ

k
e (S

n),

P̊rΛ
k(T n)

≃−→ ˚̊P2r+kΛ
k
e (S

n),

P̊−
r Λk(T n)

≃−→ ˚̊P
−
2r+kΛ

k
e (S

n),
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PrΛ
k(T n) ∼= P2r+kΛ

k
e (S

n)

Example

λ0λ
2
1 dλ2 ∧ dλ3 7→ u20u

4
1(2u2 du2) ∧ (2u3 du3)

= 4u20u
4
1u2u3 du2 ∧ du3

P3Λ
2(T 3) → P8Λ

2
e(S

3).

Definition

A form is even if it is invariant under all coordinate reflections.
e.g. R2 : (u0, u1, u2, u3) 7→ (u0, u1,−u2, u3).

The space of such forms is denoted Λk
e (S

n).

The image of Φ∗ is even

Sn

T n

Sn

Ri

Φ

Φ

Λk(Sn)

Λk(T n)

Λk(Sn)

R∗
i

Φ∗

Φ∗

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



P−
r Λ

k(T n) ∼= P−
2r+kΛ

k
e (S

n)

A new definition of P−
r

Let X denote the radial vector field

X = (λ0, . . . , λn) = λ0
∂

∂λ0
+ · · ·+ λn

∂

∂λnLet
P−
r Λk(Rn+1) := iXPr−1Λ

k+1(Rn+1).

Let P−
r Λk(T n) and P−

r Λk(Sn) denote the restrictions of
P−
r Λk(Rn+1) to T n and Sn, respectively.

Φ∗ sends P− to P−

View Φ: Rn+1 → Rn+1 with same formula

(λ0, . . . , λn) = Φ(u0, . . . , un) = (u20 , . . . , u
2
n)

Key fact: Φ∗X = 2X .
n∑

i=0

ui
∂

∂ui
=

n∑
i=0

ui
∂λi

∂ui

∂

∂λi
=

n∑
i=0

ui (2ui )
∂

∂λi
= 2

n∑
i=0

λi
∂

∂λi
.

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



P̊rΛ
k(T n) ∼= ˚̊P2r+kΛ

k
e (S

n)

Two notions of “vanishing trace”

Let Ω be a domain with boundary ∂Ω and let α ∈ Λk(Ω).
1 i∗α = 0, where i : ∂Ω ↪→ Ω is the inclusion.

α(X1, . . . ,Xk) = 0 for any vectors X1, . . . ,Xk tangent to ∂Ω.
α ∈ P̊rΛ

k(T n) vanishes if we set λi = 0 and dλi = 0.

2 Evaluated at any point x ∈ ∂Ω, αx ∈ ΛkT ∗
xΩ vanishes.

α(X1, . . . ,Xk) = 0 for any vectors X1, . . . ,Xk based at ∂Ω.
The coefficients of α vanish on ∂Ω.
α ∈ ˚̊P2r+kΛ

k
e (S

n) vanishes if we set ui = 0.

Φ∗ sends P̊ to ˚̊P
Let Sn−1

i = Sn ∩ {ui = 0} and T n−1
i = T n ∩ {λi = 0}.

DΦ maps vectors tangent to Sn−1
i to vectors tangent to T n−1

i .

DΦ maps vectors normal to Sn−1
i to zero. (

∂u2i
∂ui

= 0 on Sn−1
i .)
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Recap

Theorem

The map Φ∗ : Λk(T n) → Λk(Sn) gives isomorphisms:

PrΛ
k(T n)

≃−→ P2r+kΛ
k
e (S

n),

P−
r Λk(T n)

≃−→ P−
2r+kΛ

k
e (S

n),

P̊rΛ
k(T n)

≃−→ ˚̊P2r+kΛ
k
e (S

n),

P̊−
r Λk(T n)

≃−→ ˚̊P
−
2r+kΛ

k
e (S

n),

The duality map

PrΛ
k(T n) ∼= P̊−

r+k+1Λ
n−k(T n),

(Φ∗)−1 ◦ uN∗Sn ◦ Φ∗ :
P−
r Λk(T n) ∼= P̊r+kΛ

n−k(T n).

P2r+kΛ
k
e (S

n) ∼= ˚̊P
−
2r+n+k+2Λ

n−k
e (Sn),

uN∗Sn :
P−
2r+kΛ

k
e (S

n) ∼= ˚̊P2r+n+kΛ
n−k
e (Sn).

Yakov Berchenko-Kogan Duality and Symmetry in FEEC



The Hodge star on the sphere

Proposition

PsΛ
k(Sn) ∼= P−

s+1Λ
n−k(Sn),

∗Sn :
P−
s Λk(Sn) ∼= Ps−1Λ

n−k(Sn).

Example

α = u31 du1 ∈ P3Λ
1(S2).

∗S2 α = −iX (∗R3α)

= iX (u
3
1 du0 ∧ du2)

= u31 iX (du0) du2 − u31 iX (du2) du0

= u31u0 du2 − u31u2 du0 ∈ P−
4 Λ1(S2)

∗S2 (∗S2α) = u31u0(u1 du0 − u0 du1)− u31u2(u2 du1 − u1 du2)

= −u31(u
2
0 + u21 + u22) du1 +

1
2u

4
1 d(u

2
0 + u21 + u22)

= −α ∈ P3Λ
1(S2).
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Multiplication by the bubble function

Proposition

PsΛ
k(Sn) ∼= ˚̊Ps+n+1Λ

k(Sn),
uN = u0 · · · un :

P−
s Λk(Sn) ∼= ˚̊P

−
s+n+1Λ

k(Sn).

Counterexamples

uN = iX (u1 · · · un du0) ∈ ˚̊P
−
n+1Λ

0(Sn).

But 1 /∈ P−
0 Λ0(Sn).

uN volSn = u1 · · · un du1 ∧ · · · ∧ dun ∈ ˚̊PnΛ
n(Sn).

But volSn /∈ P−1Λ
n(Sn).

It’s okay

These are the only counterexamples.

Proposition still holds if we add span{1} or span{volSn} to
the left-hand side when necessary.
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Recap

The duality map

P2r+kΛ
k
e (S

n) ∼= ˚̊P
−
2r+n+k+2Λ

n−k
e (Sn),

uN∗Sn :
P−
2r+kΛ

k
e (S

n) ∼= ˚̊P2r+n+kΛ
n−k
e (Sn).

PrΛ
k(T n) ∼= P̊−

r+k+1Λ
n−k(T n),

(Φ∗)−1 ◦ uN∗Sn ◦ Φ∗ :
P−
r Λk(T n) ∼= P̊r+kΛ

n−k(T n).

Exception

volT n ∈ P̊0Λ
n(T n) but 1 /∈ P−

0 Λ0(T n).
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A special case or a new definition?

Exception

volT n ∈ P̊0Λ
n(T n) but 1 /∈ P−

0 Λ0(T n).

Definition

P−
r Λk(Rn+1) := iXPr−1Λ

k+1(Rn+1).

Definition

P̂−
r Λk(Rn+1) := {α ∈ PrΛ

k(Rn+1) | iXα = 0}

Proposition

Restricting to T n,

P̂−
r Λk(T n) = P−

r Λk(T n)

except P̂−
0 Λ0(T n) = span{1}.
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While we’re at it

Exceptions

uN = iX (u1 · · · un du0) ∈ ˚̊P
−
n+1Λ

0(Sn).

But 1 /∈ P−
0 Λ0(Sn).

uN volSn = u1 · · · un du1 ∧ · · · ∧ dun ∈ ˚̊PnΛ
n(Sn).

But volSn /∈ P−1Λ
n(Sn).

The volume form

volSn = u−1
0 du1 ∧ · · · dun.

Perhaps it should be in P−1Λ
n(Sn) after all?
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A vague parallel?

The cohomology of smooth closed manifolds

Hk(M) := {α ∈ Λk(M) | dα = 0 and d(∗α) = 0}.
Hk(M) ∼= Hk(M).

α ∈ Hk(M) ⇔ ∗α ∈ Hn−k(M) so Hk(M) ∼= Hn−k(M).

The cohomology of smooth manifolds with boundary i : ∂M ↪→ M

H̊k(M) := {α ∈ Λk(M) | dα = d(∗α) = 0 and i∗α = 0}.
H̊k(M) ∼= Hk(M, ∂M).

Ḣk(M) := {α ∈ Λk(M) | dα = d(∗α) = 0 and i∗(∗α) = 0}.
Ḣk(M) ∼= Hk(M).

α ∈ Ḣk(M) ⇔ ∗α ∈ H̊n−k(M) so Hk(M) ∼= Hn−k(M, ∂M).

Hk(M) := {α ∈ Λk(M) | dα = 0}/{α ∈ Λk(M) | α = dβ}.
No boundary conditions!

Duality between Hk(M) and H̊n−k(M)?
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A vague connection?

The cohomology of smooth manifolds with boundary i : ∂M ↪→ M

H̊k(M) := {α ∈ Λk(M) | dα = d(∗α) = 0 and i∗α = 0}.
H̊k(M) ∼= Hk(M, ∂M).

Ḣk(M) := {α ∈ Λk(M) | dα = d(∗α) = 0 and i∗(∗α) = 0}.
Ḣk(M) ∼= Hk(M).

α ∈ Ḣk(M) ⇔ ∗α ∈ H̊n−k(M) so Hk(M) ∼= Hn−k(M, ∂M).

Hk(M) := {α ∈ Λk(M) | dα = 0}/{α ∈ Λk(M) | α = dβ}.
No boundary conditions!

Duality between Hk(M) and H̊n−k(M)?

Duality

PrΛ
k(T n) ∼= P̊−

r+k+1Λ
n−k(T n),

P−
r Λk(T n) ∼= P̊r+kΛ

n−k(T n).
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